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A parametrization of the density of states �DOS� near the band edge of phosphorus-doped crystalline
silicon is derived from photoluminescence and conductance measurements, using a recently
developed theory of band gap narrowing. It is shown that the dopant band only “touches” the
conduction band at the Mott �metal-insulator� transition and that it merges with the conduction band
at considerably higher dopant densities. This resolves well-known contradictions between
conclusions drawn from various measurement techniques. With the proposed DOS, incomplete
ionization of phosphorus dopants is calculated and compared with measurements in the temperature
range from 300 to 30 K. We conclude that �a� up to 25% of dopants are nonionized at room
temperature near the Mott transition and �b� there exists no significant amount of incomplete
ionization at dopant densities far above the Mott transition. In a forthcoming part II of this paper,
equations of incomplete ionization will be derived that are suitable for implementation in device
simulators. © 2006 American Institute of Physics. �DOI: 10.1063/1.2386934�

I. INTRODUCTION

When the Fermi level EF is situated close to the dopant
level, the dopant states are noticeably occupied, leading to
incomplete ionization �abbreviated as i.i.�. The free carrier
density is then noticeably smaller than the dopant density,
although all dopant atoms replace Si atoms and are “elec-
tronically active.” This statistical effect influences device be-
havior such as the current gain of transistors.

It is well known that i.i. is an important effect at low
temperatures. However, it is commonly neglected in the
simulation of silicon devices at room temperature. In this
paper, it is demonstrated both theoretically and experimen-
tally that there is up to 25% of i.i. at room temperature.

A few recent papers propose ways to implement i.i. in
device models.1–4 They conclude that there is an increasing
amount of i.i. with increasing dopant density Ndop. However,
we show here that these conclusions are incompatible with
measurements: due to the metal-insulator transition, the dop-
ant level approaches the band edge at high dopant densities,
leading to rather complete ionization. Hence, i.i. is an impor-
tant effect only in the Ndop range near 1018 cm−3, as has been
suggested decades ago.5 In contrast to the above-mentioned
papers, we carefully review and parametrize the dependence
of the dopant level on Ndop, and additionally we consider
broadening of the dopant states into a continuous band. Such

a density of states �DOS� allows us to theoretically reproduce
established measurements and to give an appropriate param-
etrization for i.i.

In this part I, a thorough physical basis for a DOS pa-
rametrization is given in phosphorus-doped crystalline sili-
con �Si:P� where the DOS is investigated most thoroughly
�for an overview, see the most recent reviews on highly
doped silicon6–8�. This forms a firm base for the forthcoming
part II of this paper, where the DOS parametrization will be
expanded to other dopants in silicon and, finally, equations of
i.i. will be derived that are suitable for implementation in
device simulators to demonstrate some implications.

II. EXPERIMENTAL FOUNDATIONS FOR A DOS
PARAMETRIZATION

In the following, a physical basis for the DOS parametri-
zation is given. First, silicon at temperatures T below 10 K is
considered, since the mechanisms determining the DOS have
been mainly studied in this temperature range.

A. The DOS at low dopant densities

When a phosphorus atom replaces a Si atom in the crys-
tal lattice, its outermost electron orbital has a ground state
�dopant state� with an observed energy9,10 Edop,0=−45.5
meV below the conduction band edge Ec, and it is doubly11,12

degenerate. There are also seven excited states observed be-
low Ec, having various symmetries and hence various
degeneracies.9 However, most of these states are empty ata�Electronic mail: altermatt@solar.uni-hannover.de
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T�20 K where the parametrization will be applied, and
therefore these states are neglected.11 Edop,0 cannot be calcu-
lated simply by using a hydrogenlike model �using the effec-
tive masses of conduction electrons and the dielectric con-
stant �=11.7�. This is so because the Coulomb attraction
between the bound electron and its phosphorus core is
screened by mobile electrons. Hence, Edop,0 is sensitive to the
type of dielectric screening, and the nonlinear Thomas-
Fermi-Dirac screening theory reproduces the observed value
of Edop,0 with sufficient precision.13 This type of screening
depends only weakly on T,13 so we regard Edop,0 as indepen-
dent of T in the parametrization.

In the following, we consider the properties of the dop-
ant states with rising dopant density Ndop. We assume that the
phosphorus atoms are randomly distributed in space because
this very closely approximates reality.14–16 At Ndop�1
�1016 cm−3, most neighboring phosphorus atoms are situ-
ated far apart, and their bound electrons do not interact with
each other.17 Thus, practically all dopant states have the same
energy, leading to a peak in the far-infrared absorption spec-
trum that is as narrow18 as 4.2 �eV �and is mainly broadened
by isotopic randomness present in natural Si and, to a lesser
extent, by lifetime broadening18�. However, when two phos-
phorus atoms are randomly situated more closely together
than two Bohr radii,19 their dopant states undergo quantum
mechanical mixing due to Coulomb interaction. At Ndop�2
�1016 cm−3, the number of such randomly occurring phos-
phorus pairs is large enough to cause the DOS of the dopant
states to slightly broaden into a dopant band Ddop�E�. For
example, its width is 2 meV at Ndop=1.4�1017 cm−3.17

The higher the Ndop, the more phosphorus atoms are ran-
domly situated closer together than two Bohr radii. Eventu-
ally, not only pairs are formed but also groups of various
sizes,17,19–22 called dopant clusters. At Ndop�1�1018 cm−3,
clusters containing three and four phosphorus atoms become
more abundant than isolated phosphorus atoms.20 This has
two main effects. Firstly, the DOS broadens significantly,17

because the dopant states within these clusters interact with
each other. Secondly, Edop starts to approach the conduction
band edge, because the electrons are less strongly bound to
the phosphorus cores with growing cluster size. Reference 20
gives a detailed microscopic insight into such clusters.

At 4.2 K, the electrons move rather freely within their
clusters, as is concluded from magnetic susceptibility23–26

and thermal conductivity27–29 measurements. However, these
electrons do not contribute to a macroscopic dc conductivity
�, since they cannot move from cluster to cluster within the
dopant band. To contribute to �, they need to be thermally
excited to the conduction band; hence, � is practically zero at
low temperatures.30–32 Only when Ndop reaches the critical
value30 of Ncrit=3.74�1018 cm−3 can a sufficient number of
clusters connect with each other so that the electrons can
move freely, enabling a dc conductivity on a macroscopic
scale. This prevents � from dropping towards zero when the
samples are cooled towards 0 K. The transition in the behav-
ior of � happens within a very small range of Ndop and is
called the Mott, metal-insulator �M-I�, or the metal-nonmetal

�MNM� transition. The latter name originates from the ob-
servation that � of metals does not drop near 0 K, while � of
insulators does.

We would like to mention that the above value of Ncrit

was determined using a commonly accepted procedure: by
measuring � at room temperature and by using the �-Ndop

relationship of Mousty et al.33 These authors revised and
extended the widely used �-Ndop relationship of Thurber et
al.34 towards high Ndop. With the latter relationship, Ncrit

=3.2�1018 cm−3 would be obtained.

B. Does the M-I transition occur within the dopant
band?

Above, we assumed that the clusters fuse on a macro-
scopic scale—while the dopant band is separate from the
conduction band.35 However, it is possible that the change in
conductivity � occurs simply because Edop reaches the con-
duction band edge—while the clusters stay clearly separated
from each other. In both cases, a metallic � behavior is ob-
served at low T. This means that more information than � is
needed to determine the causes of the M-I transition.

Indeed, it is widely accepted in the silicon community
and written in textbooks that the dopant band merges with
the conduction band at Ncrit. This interpretation is based on
photoconductivity,36 infrared absorption,37,38 and dielectric39

measurements. However, this contradicts a second group of
measurements, namely, magnetic resonance,40 infrared
reflectance,41 and specific heat24 measurements, which indi-
cate that the M-I transition occurs within the dopant band
while this band is still clearly separated from the conduction
band. We solve the contradictions between these two groups
of experiments with the following arguments.

�1� In the first group of measurements, the excitation of
electrons to the conduction band is monitored. We show
in Appendix A that from such measurements, Edop was
extracted incorrectly because the broadening of the dop-
ant band was neglected. Instead, the activation energy42

Eact was determined, which is the energy necessary to
lift the most energetic electrons in the dopant band to the
bottom of the conduction band, as depicted in Fig. 1�a�.

�2� Hence, the above measurements indicate that, at Ncrit,
there is Eact=0 and there may be Edop�0, i.e., the dop-
ant band only “touches” the conduction band �instead of
merging with it� when the clusters fuse on a macro-
scopic scale.

To give further independent evidence of Eact=0 and
Edop�0 at Ncrit, we reinterpret the photoluminescence �PL�
data of Bergersen et al.43,44 These authors measured the PL
spectrum of Si:P at various excitation powers at 4.2 K. At
low powers, the PL spectrum shows the dopant band, be-
cause radiation is mainly caused by electrons that recombine
from the dopant to the valence band. At high powers, the PL
spectrum is dominated by electrons that recombine from the
conduction band.45

In order to extract Edop and Eact from the PL measure-
ments, the electron energy E needs to be related to the de-
tected photon energy Ephot. We take into account that Berg-
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ersen et al. published the strongest PL peak that involves the
emission of a transverse-optical �TO� phonon46 with an en-
ergy of Ephon=58 meV,47 and we use the equation

E = Ephot − Eg + �Eg + Ephon, �1�

where we scale E=0 at the conduction band edge Ec. Eg is
the energy of the intrinsic band gap, which we compute with
the analytical formula of Pässler.48 With increasing power, a
growing number of free carriers are injected into the sample,
causing an increasing amount of band gap narrowing �Eg. In
contrast to Bergersen et al., we are able to calculate �Eg at
both levels of excitation power, using the model of Ref. 49.50

In the case of high powers, we use the hole density deter-
mined by Bergersen et al.

Our reevaluation of the PL data is shown in Fig. 1. The
low �or high� excitation peaks are depicted as crosses �or
open circles�. At low excitation powers, the shape of the PL
peak is directly proportional to the DOS of the dopant band.
This is so because few holes are generated, and hence they
are restricted to a very narrow energy range, which is kT
=0.36 meV.51 At 4.2 K, various interaction processes52,53

broaden the peak additionally, but less than 1 meV. Also
Ephon is broadened54 and shifted55,56 to less than 0.2 meV.
The exciton density is too small to cause significant overlaps
with the relevant peaks.57

At high excitation powers, the holes are distributed over
a much broader energy range than at low powers. Thus, the
PL line shape is a convolution of both the conduction and
valence bands.

Figure 1�c� shows one of the important outcomes of this
paper: the dopant band just touches the conduction band at
Ncrit. Is this an arbitrary coincidence? No for the following
reasons. The theory of the ideal electron gas predicts that
entirely free carriers have a parabolic energy-momentum
�E-k� relation and hence a DOS Dc�E1/2. Bound electrons
have a flat E-k relation, which is curved more and more with
a decreasing amount of localization;58 this causes Ddop to
widen with increasing Ndop. The electrons that become free
on a macroscopic scale at Ncrit do not contribute to the
Gaussian Ddop; they are contained in the conduction band
and make the transition when parts of Ddop exceed E=0, i.e.,
when Ddop touches the conduction band.

C. The DOS above the M-I transition

It is apparent from Fig. 1 that Edop approaches the con-
duction band edge only gradually at dopant densities above
Ncrit. This is expected from theoretical investigations20 show-
ing that the dopant clusters have various sizes. Above Ncrit,
mainly small clusters remain isolated from the other clusters,
and their electrons are rather strongly bound to the phos-
phorus cores, leading to Edop�Ec. Galvanometric measure-
ments59 were also interpreted with a gradual merging of the
dopant and conduction bands above Ncrit.

To derive a parametrization of the DOS, the knowledge
of Edop alone is insufficient; it must be estimated which frac-
tion b of the electrons is still bound to these isolated clusters.
We should keep in mind that Ddop in Fig. 1 contains only the
electron states bound to clusters, and not the free ones. With
growing Ndop, there are fewer and fewer isolated clusters,
causing more and more electrons to become free. A lower
limit of b can be obtained from magnetic susceptibility and
specific heat measurements.24,28,60 From them, the density of
electrons having localized magnetic momentum nlm can be
derived. The ratio nlm /Ndop is depicted in Fig. 2 as crosses.
This is only a lower limit for the following reasons.

�a� Only localized states with an odd occupation number
carry a local magnetic moment.23 To compensate for
this, double the amount of nlm /Ndop is plotted as filled
symbols in Fig. 2 �hereby assuming a random distribu-
tion between odd and even occupation numbers�.

FIG. 1. The measured Si photoluminescence intensity �Refs. 43 and 44�
�arbitrary units� at low injection power �crosses� and at high injection power
�open circles�, and the DOS derived from conductance measurements �Refs.
64 and 70� �squares�, at various phosphorus densities and at 4.2 K. The solid
lines are our parametrization of the DOS, Eqs. �2�–�9�. The triangles in �f�
are the difference between Eq. �2� and the crosses. The low injection signal
has been scaled so that its integral equals bNdop.
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�b� Many electrons in clusters have a sufficiently large lo-
calization length61 such that their magnetic moment
does not appear as localized. This is so because states
near Ec are a hybridization of localized �quasiatomic�
and extended states.62,63 For these reasons, nlm /Ndop

�1 below Ncrit.

It becomes apparent from Fig. 2 that there exist a consider-
able number of localized electrons up to Ndop�1
�1019 cm−3. This is so because physical parameters change
relatively smoothly across the M-I transition if they depend
on the internal structure of the clusters �such as the magnetic
susceptibility and the specific heat coefficient�. In contrast to
this, other parameters change very abruptly at Ncrit because
they reflect how well the clusters are connected to each other
�dc conductivity and dielectric susceptibility�.

An upper limit to b can be obtained as follows. Depend-
ing on b, the overall DOS �of the dopant plus the conduction
band� may or may not have a local minimum. For example,
the DOS in Fig. 1�c� has a local minimum, while the DOS in
Fig. 1�e� does not �unless b would be substantially in-
creased�. PL measurements are not feasible to confirm or
deny such a local minimum because they are obtained using
two different measurements at two different illumination in-
tensities �crosses and open circles in Fig. 1�. Fortunately,
there are also DOS data available64 that were derived65–67

from current-voltage �I-V� measurements of n-Si/Sn tunnel
structures. These measurements, shown in Fig. 1�d�, confirm
a local minimum in the overall DOS at −2 meV �even con-
sidering possible effects68,69 caused by phonons�. This is
consistent with the observation41 that, near this dopant den-
sity and at 10 K, electron transport occurs predominantly in
the dopant band and not in the conduction band.

In such I-V measurements, a local minimum in the over-
all DOS causes a local minimum �V-type anomaly� in the
dI /dV-V curve.65 Such a minimum was also reported70 up to
1�1019 cm−3 �for our reevaluation of some DOS data, see
Appendix B�. At Ndop�1�1019 cm−3, an anomaly occurring
solely in the d2I /dV2-V curve was reported. In our interpre-

tation, this so-called �-type anomaly occurs when the dopant
band merges with the conduction band to the extent that the
local minimum in the overall DOS disappears, but a “turning
point” �between a convex and concave part of the DOS�
remains. We will use these observations to find an upper
limit of b in Sec. III D, where we calculate the overall DOS.
The disappearance of the local minimum in the DOS and the
appearance of a turning point agree with the interpretation of
Knight shift measurements,40,71 indicating that the dopant
band merges completely with the conduction band at Ndop

�2�1019 cm−3.
There is an additional reason why states are localized at

Ndop�1�1019. When the dopant band is merged with the
conduction band, the DOS near the band edge is dominated
by the band tail, which is mainly caused by disordering ef-
fects of dopants.72 It is difficult to measure the DOS in the
tail, because it is below the detection limit of PL measure-
ments at low Ndop, while at high Ndop the PL peaks are
broadened.73,74 The tail DOS cannot be derived from tunnel-
ing measurements either, as such measurements are affected
by interface states. This is why the dopant DOS in Fig. 1�d�
extends artificially far into the band gap. For these reasons, it
is necessary to derive the tail DOS from calculations alone,
and we are going to do this in the section below.

Information about the DOS at still higher Ndop can be
obtained by means of far-infrared reflectance spectra:41 they
can be accurately reproduced by the Drude model at Ndop

=7.4�1019 cm−3, i.e., by assuming that the electrons are en-
tirely free. This is also indicated by other transport proper-
ties, such as the magnetic field dependence75 of the heat
capacity,76 nuclear magnetic resonance studies,77 and See-
beck effect measurements.78 The effective �density of states�
electron mass mdc

* used in these Drude calculations is essen-
tially the same as at low dopant densities.41 There are addi-
tional measurements76,79,80 that indicate that mdc

* depends
only very weakly on Ndop up to Ndop�1�1020 cm−3. This
implies that the DOS at such high dopant densities is essen-
tially ��E �apart from the band tail effects we are going to
discuss in the next section�.

III. PARAMETRIZATION OF THE DOS

So far, we have collected a thorough physical under-
standing of the DOS near the conduction band edge. Based
on this, we now fit the DOS as precisely as possible to the
values derived from experiments.

A. Calculation of the conduction band DOS and its
tail state density

In order to arrive at a simulation model for i.i., the con-
duction band DOS needs to be calculated, including its tail
states, with an approach81 that stems from the following
background. In the doping process, P atoms replace Si atoms,
introducing bound states at the expense of band states
�Levinson’s theorem�. The tail states arise when a suffi-
ciently high number of Si atoms are replaced by P atoms
such that the Si lattice becomes randomly disordered: locally
attractive and repulsive potential fluctuations, respectively,
lead to localized states that are below the conduction band

FIG. 2. The density of localized magnetic moments divided by Ndop, as
derived from magnetic susceptibility and specific heat measurements �Refs.
24 and 28� �crosses�. The twofold amount �squares� is a lower limit for the
density of localized states in the dopant band. The upper limit is derived
from DOS measurements �triangles�. Parameter b �solid line� is adjusted by
fitting the calculated amount of i.i. to experimental values.
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edge or above the valence band edge, respectively. These tail
states also emerge at the expense of band states.82 We use the
envelope function proposed in Ref. 83 for computing the
DOS of the conduction band. Its form is also justified by
conductivity measurements near 0 K, which have been suc-
cessfully interpreted using a superposition of the tail states
and the dopant band.84,85 The conduction band DOS is given
by

Dk�E� =
2Nc

�	�kT�3/2
��kY�E − Ec

�k
	 , �2�

where

�k =
q2

�4	�
��ND

+ + NA
−�
 exp�−

a

2

	 �3�

and

Y�x� =
1

�	



−�

x

exp�− u2��x − udu . �4�

ND
+ �NA

−� is the density of ionized donors �acceptors�, and a
=0.543 nm denotes the lattice constant of silicon,86 which is
constant up to very high Ndop.

87,88 The effective density Nc is
calculated using Ref. 89. The Debye screening length 
 is
calculated using the Thomas-Fermi approximation:

1/
2 =
4	q2

�

�n

�EFn
. �5�

Equation �5� is derived neglecting the dopant band, which
has only negligible consequences for the simulation model.

B. Fitting of Ddop, Edop, and Eact

Experiments43,64,70 and calculations20,43,58,62,63,90–97 indi-
cate that the broadening of the dopant DOS is not necessarily
symmetrical with respect to Edop. However, Fig. 1 justifies
that Ddop can be closely approximated by a Gaussian distri-
bution function:

Ddop�E,Ndop� =
Ndopb
�2	�

exp�− �E − Edop�2

2�2 � . �6�

Here, � the half-width of the dopant DOS and b is the frac-
tion of bound states.

We extract Edop and Eact from Fig. 1 and compare these
values in Fig. 3 with photoconductivity,36 infrared
absorption,37,38 and dielectric39 measurements, as described
in Appendix A. Because Ddop can be closely approximated
by a Gaussian �which means symmetrical� profile in Fig. 1,
the difference between Edop and Eact is approximately half
the width of the dopant band, �.

In Fig. 3, the data of Ref. 98 are omitted because they
were derived from consistency arguments where i.i. was ne-
glected. The data of Ref. 99 are not shown either, as they
were obtained from compensated silicon; both experi-
mental100–103 and theoretical62,104–106 studies indicate that
compensation influences Edop and Eact considerably. Ac-
counting for all this, it follows that the Eact values in Fig. 3
coincide with the other experimental data within the experi-
mental errors.

From Fig. 3 it becomes apparent that Eact starts to
change at Ndop�1017 cm−3 due to band broadening and that
Edop stays rather constant up to Ndop�1�1018 cm−3, as also
optical studies show.17

At higher Ndop, both parameters change rather abruptly.
Eact becomes zero at the M-I transition, while Edop ap-
proaches zero �i.e., Ec� gradually above Ndop�1
�1019 cm−3. Edop cannot move into the conduction band be-
cause the principal reason for its variation is screening.

We parametrize the Edop values with the logistical equa-
tion

Edop =
Edop,0

1 + �Ndop/Nref�c , �7�

using the parameters listed in Table I. The results are shown
as a solid line in Fig. 3.

The dependence of Edop and Eact found here is similar to
various calculations.42,99,107 However, the early theory of
Pearson and Bardeen5 deviates significantly from more re-
cent experimental data. This is an important result, as this
early theory is commonly used to quantify Edop.

108,109 In fact,
Fig. 3 shows that most of the changes in Edop and Eact occur
near Ncrit. This behavior was predicted in Refs. 110 and 111
where it is argued that Edop is quite insensitive to doping at

FIG. 3. The energy of the dopant band peak Edop �filled circles� and the
activation energy of the dopant band Eact �empty circles�, as derived from
Fig. 1. The other symbols show Eact values, obtained from various measure-
ment techniques �Refs. 36, 37, 39, and 125�. The solid line is the parametri-
zation using Eq. �7�. The dashed lines show theoretical computations �Refs.
5, 42, 99, and 107�.

TABLE I. The parameters used in Eqs. �6�–�9� and �11� to describe the
density of states of the dopant band.

Parameter Si:P

Edop,0 �meV� 45.5
Nref �cm−3� 3�1018

c 2
r �eV cm−3/2� 4.2�10−12

s �cm−3� 1019

Nb �cm−3� 6�1018

d 2.3
g 1/2
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Ndop�1�1018 cm−3 because the dopant states are not effec-
tively screened by the electrons in the conduction band.

C. Fitting of the bandwidth

We extract the half-width of the dopant band, �, by fit-
ting the PL measurements in Fig. 1 with Eq. �6�. The results
are shown in Fig. 4 as symbols. It is apparent that � increases
with increasing Ndop up to Ncrit because the dopant clusters
grow �see Sec. II A for a detailed explanation�. With growing
Ndop beyond Ncrit, � decreases because smaller and smaller
clusters stay isolated and contribute to Ddop. We do not know
how reliably we can extract � from the data in Fig. 1. How-
ever, we will show below that variations in � have only a
minor influence on the effects caused by the DOS.

For an empirical expression of �, we choose

� = rNdop
1/2 �1 − e−s/Ndop� , �8�

using the parameters of Table I. The data fit is shown as solid
line in Fig. 4.

The broadening of the dopant DOS was calculated by a
number of authors.20,43,58,62,63,90–97 The dashed line in Fig. 4
shows that Morgan’s theory90 underestimates the broadening
of the dopant band if the Thomas-Fermi screening theory of
Eq. �5� is used. The reason for this is the formation of clus-
ters, which is not considered by Morgan. More elaborate
theories that include clusters depend sensitively on the
screening length within the clusters themselves—which, in
turn, is not accessible to experiments and hence is not pre-
cisely known. We have therefore found it difficult to com-
pare these theories with the PL data of Fig. 1.

It is important to mention that the Hubbard model112

predicts a second dopant band situated near the conduction
band edge.113 This second band was forecast to be stable in
silicon,114 and it was detected in absorption, photoconduc-
tance, and magnetic susceptibility measurements.25,115,116 As
it contains 1013 cm−3 electrons at most,115 we neglect it in the
DOS parametrization.

D. Fitting of parameter b

The only remaining parameter to be fitted to experimen-
tal values is b, which quantifies the fraction of electrons that
remains bound to dopant clusters above Ncrit. In Sec. II C, a
lower limit of b was obtained from magnetic susceptibility
measurements. This limit is shown as squares in Fig. 2. We
also discussed in Sec. II C that an upper limit of b can be
obtained from DOS measurements because there is no local
minimum of the DOS observed at high Ndop, implying that
b�1. We now determine this upper limit of b by calculating
the DOS with Eqs. �2�–�8� such that no local minimum oc-
curs at Ndop
1�1019. The results are shown as triangles in
Fig. 2. As it is an upper limit, it lies above the squares,
except near Ndop=1020 cm−3, where more localized magnetic
momenta seem to arise due to band tailing than due to the
dopant band.

These upper and lower limits generally lie far apart, and
no precise adjustment of b is possible on these grounds.
However, b strongly influences the amount of i.i. Therefore,
we will adjust b in Sec. V by fitting the calculated i.i. to
experimental values. We will assume that b=1 below Ncrit

and that

b =
1

1 + �Ndop/Nb�d �9�

above Ncrit.

IV. THE DOS OF THE DOPANT BAND ABOVE 10 K

So far, we based the parametrization on measurements
that were obtained at temperatures below 10 K. We found it
impossible to derive the DOS from PL measurements per-
formed at temperatures far above 10 K for three reasons:
firstly, the dopant peak disappears at the higher excitation
intensities43 used in most of the room temperature PL
measurements;117,118 secondly, even if low excitation intensi-
ties can be maintained, the peak disappears at T
49 K;119

and thirdly, the PL spectrum is affected by lifetime broaden-
ing at temperatures well above 10 K.52 See Ref. 45 for a
more detailed discussion of how the PL spectrum depends on
temperature and excitation levels.

The disappearance of the dopant peak at higher tempera-
tures is not well understood.100,120,121 For example, it was
proposed that the dopant band may merge with the conduc-
tion band at T�49 K, because free electrons are thermally
generated to the conduction band, where they contribute to
screening more effectively than when staying localized in the
dopant band.45,119 However, no change in free carrier density
near 49 K has been observed, which would occur if the dop-
ant band disappeared. In addition, electron paramagnetic
resonance studies122 and Seebeck measurements78 indicate
that the dominant transport mechanism of electrons already
changes at approximately 15 K from hopping/tunneling �in
and from the dopant band� to transport within the conduction
band.

We expect that Edop is rather insensitive to temperature
because the nonlinear Thomas-Fermi-Dirac screening theory
reproduces very well the experimentally determined value of
Edop at low temperatures,13 and this type of screening de-

FIG. 4. The half-width of the dopant band �filled circles�, defined by � in
Eq. �6�, which empirically describes the experimental data in Fig. 1. The
solid line is a parametrization given by Eq. �8�. The dashed line is calculated
by Morgan �Ref. 90� with the Thomas-Fermi screening theory, using Eq. �5�.
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pends only weakly on T. We expect that the width of the
dopant band may broaden with rising temperature. Fortu-
nately, the calculation of the free carrier density and i.i. de-
pends only weakly on �, as will be shown in the following
section.

V. INCOMPLETE IONIZATION

In this section, the amount of i.i. is calculated with the
above parametrization and verified with experimental data.
Up to about 400 K, the free electron density n equals the
ionized phosphorus density Ndop

+ , so i.i. is the ratio n /Ndop

=Ndop
+ /Ndop. The amount of i.i. is obtained by self-

consistently solving the three following equations at a given
Ndop:

Ndop
0 = 


−�

Emob

�Ddop�E� + Dk�E��fD�E,EF�dE , �10a�

Ndop
+ = 


Emob

�

�Ddop�E� + Dk�E��f�E,EF�dE , �10b�

Ndop = Ndop
0 + Ndop

+ , �10c�

where Ndop
0 is the neutral �nonionized� dopant density and

Emob is the energy above which the states host mobile carri-
ers �large parts of the band tails host immobile carriers�. The
unknown parameters in this equation system are Ndop

0 , Ndop
+ ,

and EF. The occupation probability of the dopant states,

fD = 1/�1 + ge�E−EFn�/kT� , �11�

differs from the Fermi-Dirac function f by the degeneracy
factor g, because each localized state in the dopant band can
be occupied by only a single electron due to the Coulomb
interaction, which prevents the occupation by two localized
electrons with opposite spin. Also, such a state can be occu-
pied by an electron in two ways �having spin up or spin
down�, while it can be empty in only one way, causing g
=1/2.123,124 We need to keep in mind that some of the dopant
states are locally free within dopant clusters,24,28 and this
may cause g to increase towards unity.

The only parameter in Ddop that is not fixed so far is b. In
the following, b is fitted by comparing the calculations with
experimental values of i.i.

How can measurements of n /Ndop be obtained? The
amount of incomplete ionization can be extracted from the
ratio between published33,125–132 conductivity mobility �cond

=� /qn and Hall mobility �H=�RH /r. The former is almost
always obtained by measuring the conductivity � �via a four-
point probe� and with the assumption that n�Ndop,T�=Ndop,
i.e., by neglecting i.i. Ndop is derived from the measured �
values and using a established Ndop−� relationship. In order
to obtain a consistent data set, we assign to every published
� value a Ndop value by using solely the Ndop−� relationship
of Mousty et al.33

The Hall mobility is derived from measurements of both
� and the Hall factor RH. The Hall correction factor r is
usually assumed to be unity, although it is well known that it
depends on the dominant scattering mechanism and therefore
on T and Ndop.

125,126,133 We take

r = 1.18 +
0.18

�1 + Ndop/1017�0.8 �12�

from Ref. 134 at 300 K. Again, in order to obtain a consis-
tent data set, we assign to every published � value a Ndop

value using solely the Ndop−� relationship of Mousty et al.33

Plotted under these conditions, �cond/�H quantifies i.i.,
because i.i. is neglected in �cond but included in �H. A col-
lection of literature values is shown in Fig. 5. The direct
measurements33,126,127 were obtained by measuring �H and
�cond in the same samples. The indirect measure-
ments98,125,128–132 are �H measurements that we related to an
empirical parametrization of �cond, as is explained in Ref.
134.

Our parametrization, using Eqs. �10a�–�10c�, fits the ex-
perimental data very well within the experimental precision
if we adjust b with Eq. �9�, using the parameters of Table I.
This implies that at the M-I transition, only about 5% of
electrons in the clusters become free �see Fig. 2�. We have
not found any experimental verification of this in the litera-
ture.

The calculations with g=1 �instead of g=1/2� are shown
as dashed line in Fig. 5 and underestimate i.i. below Ncrit.
This suggests that the dopant band contains mainly localized
states, which is consistent with the magnetic susceptibility
measurements shown in Fig. 2.

Our calculations and the experimental data in Fig. 5 are
significantly different from various published models shown
in Fig. 6. Li and Thurber109 calculated Edop using the pio-
neering theory of Pearson and Bardeen5 �shown in Fig. 3�
and obtained an amount of i.i. that is significantly lower than
observed here. It is important to note that this influences the
Ndop−�cond relationship of Thurber et al.128 which has be-
come a standard in the silicon community. We have corrected
Thurber’s mobility data by the updated amount of i.i. in a
separate paper.134 Kuzmicz135 extended the theory of Li and
Thurber; but his theory does not describe the experiment
either. Moreover, the calculations that assume a constant
Edop, discussed in the Introduction, overestimate i.i. tremen-

FIG. 5. The fraction between measured conductivity mobility and Hall mo-
bility �symbols� �Refs. 33, 98, and 125–132�, reflecting incomplete ioniza-
tion, which is compared with parametrizations �lines�.
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dously at Ndop�1018 cm−3.1,2,4,136 The measurements in Fig.
5 clearly invalidate such large amounts of i.i.

One of the central results of this paper is that at 300 K,
up to 25% of donors are nonionized—a result that challenges
common beliefs that i.i. can be neglected at room tempera-
ture. Previous measurements of the �cond/�H ratio, such as
Refs. 33,127, have not been interpreted as incomplete ioniza-
tion.

How does our parametrization compare with experimen-
tal data at lower temperatures, where i.i. is significantly
stronger? We compare it in Fig. 7 with Hall measurements137

between T=30 and 180 K. In these measurements, r=1 was
assumed. We do not know the precise value of r under these
conditions.26,125,127 Measurements indicate that it
decreases129,130,138 �or increases139,140� with decreasing T at
Ndop�Ncrit �or at Ndop�Ncrit�. This is the reason why the
measured values at Ndop=4.2�1018 cm−3 in Fig. 7 increase
slightly with decreasing T. Within these uncertainties, our
parametrization agrees with the measurements and describes
i.i. also at low temperatures reasonably well.

In Sec. III, the fitting parameters were adjusted at 4.2 K
and changes at higher temperatures were neglected. There-
fore, the solid lines in Fig. 7 are calculated at all tempera-
tures with Edop and � obtained at 4.2 K. To test whether this
is a useful approach, Edop and � are now varied at Ndop=1
�1018 cm−3, shown as dashed lines in Fig. 7. The following
two features become apparent: Firstly, when Edop is reduced
by 30% from the value given at 4.2 K, the predicted n values
are too high at T�200 K. Apparently, Edop depends only
very weakly on T, as is expected from the nonlinear Thomas-
Fermi-Dirac screening theory.13 Secondly, we mentioned in
Sec. IV that temperature effects may broaden the dopant
band. For example, if �=9 meV �or �=35 meV� is used in-
stead of �=2.8 meV, n stays compatible with the measure-
ments at T�50 K �or T�150 K�. This very large broaden-
ing does not influence n significantly because it is
symmetrical with respect to Edop. These two tests demon-
strate that our approximation of a temperature-independent
DOS is indeed useful.

VI. CONCLUSIONS

Reinterpreting photoluminescence and tunneling mea-
surements, it was shown that the phosphorus dopant band
only “touches” the conduction band at the Mott �metal-
insulator� transition and that it merges with the conduction
band at considerably higher dopant densities �Ndop�2
�1019 cm−3�. This resolves well-known contradictions be-
tween photoconductivity, infrared absorption, dielectric,
magnetic resonance, infrared reflectance, and specific heat
measurements. Based on a thorough collection and reinter-
pretation of published measurements, it was verified that at
room temperature, up to 25% of dopants are nonionized near
Ndop�2�1018 cm−3. This is contrary to common assump-
tions that incomplete ionization can be neglected at room
temperature. It was demonstrated that there exists no signifi-
cant amount of incomplete ionization far above the Mott
transition �Ndop�2�1019 cm−3�.
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APPENDIX A

We claimed in Sec. II B that the measurements of Refs.
36–39 determine Eact and not Edop, as originally thought. We
justify our claim as follows. Reference 36 extracted the data
from photoconductivity measurements performed at 4.2 K.
The photon energies taken for the extraction of Edop excited
the electrons from the highest occupied dopant states to the
lowest states in the conduction band. We argue that Eact was
measured, because the dopant band is practically completely
occupied at such low temperatures �this is also supported by

FIG. 6. The fraction of nonionized phosphorus atoms, calculated with Eqs.
�10a�–�10c� �solid line�. The theories of Li and Thurber �Ref. 109� and of
Kuzmicz �Ref. 135� underestimate i.i., while theories assuming a constant
Edop overestimate it tremendously at Ndop�1018 cm−3 �Refs. 1, 2, 4, and
136�.

FIG. 7. The density of free electrons, derived from Hall measurements �Ref.
137� �symbols�, compared to the parametrization of Eqs. �10a�–�10c� �solid
lines�. The dashed lines are calculated at Ndop=1�1018 cm−3, using �=9
and 35 meV, respectively �instead of 2.8 meV�, or Edop=−30 meV �instead
of −40.95 meV�.
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electron paramagnetic resonance studies122 and Seebeck
measurements78�. Reference 37 measured the conductivity of
silicon at T�10 K. Applying the same arguments again, we
conclude that in such measurements, the electrons in the
highest dopant states were thermally excited to the conduc-
tion band in order to contribute to the dc conductivity.
Hence, these measurements yielded Eact. Similar arguments
apply again to the infrared absorption measurements of Ref.
38. The data of Ref. 39, obtained at 2 K, are derived from
the dielectric constant in Ref. 42, using a procedure de-
scribed in Ref. 141. It is argued in Ref. 42 that such mea-
surements yield Eact.

APPENDIX B

We reevaluated the DOS data of Nishizawa and
Kimura,70 shown in Fig. 1�e�. Originally, these authors
evaluated their I-V data without taking the broadening of the
dopant band into account.70 For example, they extracted EFn

from the minimum of the measured �dI /dV�-V curve. How-
ever, later investigations64 demonstrated that this minimum is
shifted by approximately 10 meV due to the dopant band.
Thus, we shifted the DOS data of Nishizawa and Kimura by
11 meV to lower energies. Without this shift, their original
DOS data would be inconsistent with the PL measurements
at both high and low injection levels. Nishizawa and Kimura
had to adjust the effective electron mass at a higher value
than is generally accepted, because they needed to compen-
sate for effects occurring from their assumption that EFn is
situated above the conduction band edge at Ndop�1
�1019 cm−3. However, magnetic resonance measurements40

indicate that, near the M-I transition, the Fermi level has not
reached the conduction band.
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